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Abstract We present various properties of algebraic potentials, and then prove 
that some Morales- Ramis theorems readily apply for such potentials even if they 
_ are not in general meromorphic potentials. This allows in particular to precise some 

non-integrability proofs in celestial mechanics, where the mutual distances between 
the bodies appear in the potentials, and thus making this analysis unavoidable. 
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1 Introduction 

The purpose of this note is to apply the following Theorem for proving "meromor- 
phic" non-integrability of algebraic potentials 



Theorem 1 ( Morales- Ruiz et al(2007)Morales-Ruiz, Ramis, and Simo 1 Theorem 



2.) Let us consider a symplectic analytical complex manifold M of dimension 2n, 
with the Poisson bracket defined by the symplectic form, H a Hamiltonian analytic 
on M and r C M a particular (not a point) orbit. If H possesses a complete sys- 
tem of first integrals in involution, functionally independent and meromorphic on 
a neigbourhood of F , then the identity component of the Galois group of variational 
equations is abelian at any order. 

This Theorem is an extension of Theorem 7 of [Morales- Ruiz and Ramis(2001a)]. 
There is an application for homogeneous potentials in [Morales- Ruiz and R amis(20 01b)] . 
In particular, this last Theorem is directly applied to celestial mechanics problems 
like in [Morales-Ruiz and Simon(2009)] , |Tsygvintsev(2001)] , |Maciejewski(2011)| , 
|Boucher(2000)] where the potential is algebraic. Still, the Theorem requires ex- 
plicitly that the potential should be meromorphic. Clearly an algebraic potential 
on C" cannot be meromorphic on C™ unless it is rational. The problem is even 
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worse than just being not regular enough because such potential is in fact multival- 
ued (and thus is not a function, even on a small open set). In many other articles, 
the problem is either ignored or not suitably analyzed, as in [Tsygvintsev(2001)| , 



[Tsygvintsev(2007)| , |Ziglin(1982)] . This makes these proofs ambi guous as both 



the dynamical system and the notion of meromorphic integrability are not well 
defined. 

Still Theorem [1] could be used if we consider such algebraic potential as a 
rational function on an algebraic complex manifold M instead of C™. The aim 
of this note is to give a clear definition of an algebraic potential, the associated 
dynamical system and what is a "meromorphic first integral" in this case. This 
will give some precisions on several non-integrability proofs in celestial mechanics, 
in particular Theorem 10 of Combot(2012)] . A typical example is the following 



V{qi,q2) = (g 2 + gi) 3/2 

On C 2 , this expression is not meromorphic, as it is not even single- valued. The 
main idea to circumvent such a problem is to introduce algebraic extensions 

V(qi,q 2 ,wi) = wf w j-qf-qi = (1) 

and then to see the function V as a function well defined on the 2-dimensional 
algebraic variety {(qi, <?2, wi) 6 C 3 , w\ — q\ — q\ = 0}. Let us now present more 
general statements. 

We consider polynomials G\, . . . , G s £ C[gi, . . . , q n , wi, . . . , w s ] and the ideal 
I =< Gi, . . . , G s >. In the following, we will assume that / is a prime ideal and 
that the matrix 

j£M s (C[q,w}) J ^=d^-' U = !•••« 

has a non-zero determinant modulo the ideal /. We define the associated manifold 
S = I -1 (0) and 7r : S — > C n the projection on variables q. 

A holomorphic function on a non empty open set U C S is by definition, 
locally the restriction of holomorphic functions on open sets W C C n+S to U. A 
meromorphic function on U is locally a quotient h/k of two holomorphic functions 
h, k, with k non identically zero. 

Let us now define derivations on S. We first introduce the set 

S(I) = {(q,w)eS, det(J)(q,w)=0} 

This set will be called the critical set and corresponds to points on S where the 
Jacobian matrix J of the application w — > (Gi,...,G s ) is not invertible. In 
example ([T|), we have in particular = {w± = 0, 51 ±1^2 = 0}. Remark that 

this set is at least of codimension one because the determinant is not zero modulo 
/. The manifold S is of dimension n, as it is the common zero of s functionally 
independent (det( J) =fi 0) polynomials in dimension n + s. 

Let U be a non empty open set of S and / a meromorphic function on U. We 
may now define 

P- =d k f- (d n +if,...,d n+s f) J- 1 (d k G 1 ,...,d k G s ) J (2) 
oqt 
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where di denotes the derivative according to the i-th variable (the variables are 
qi, . . . , q-n, wi, . . . , ii) s in this order). These derivatives are well defined outside 
27(J). We define moreover the critical set of V 

27(F) = {(q,w) e U, V(q,w) £ C} U (27(1) fl U) 

Definition 1 A meromorphic potential V on an open set U C S defines the fol- 
lowing dynamical system on C n X (U \ S{V)) 

dV dwi , 

qi=Pi, Pi = -q— , i=l...n Wl =\ Pj ——, i = l...s (3) 

d qi dq 3 

Let us remark now that an algebraic potential fits this definition. Consider 
an algebraic function V on C n and P G C[<ji, . . . , 9™] [un] a non-zero irreducible 
polynomial such that P(V(q)) = 0. The ideal / =< P > on C[qi, . . . , q n , »i] 
is prime because P is irreducible. The matrix J is 1 x i and its determinant 
is du> 1 P. As P is a non-zero irreducible polynomial, we have d w P ^ mod / 
otherwise P divides d w P which is impossible because d w P is non-zero and of 
degree lower than P. Thus S = 7 _1 (0) is a manifold of dimension n, and V is 
a meromorphic potential on S, with V(q, w) = w. Recall that a meromorphic 
function on a complex algebraic manifold S is not strictly speaking a function, as 
it has singularities, and even indeterminate points, as for example 

X A _|_ y£ 

which is indeterminate at (0, 0), but still is meromorphic on C 2 (and even rational). 

Given a potential V on <S, the corresponding multivalued potential on C™ is 
given by V(7r -1 (q)). The critical set 27(7) contains all ramification points of the 
multivalued expression V(n~ l (q)), and the critical set S(V) contains all ramifi- 
cation/singular/indeterminate points of V(Tr~ 1 (q)). Thus defining the derivability 
in respect to the qi as in ([2j, we find that 

S(V) = {(q,w) eS, Vis not C*°° at (q,w)} 

We can now apply Theorem [1] to such potentials. 



2 A Morales-Ramis-Simo Theorem for algebraic potentials 

Theorem 2 Let V be a meromorphic potential on an open set U C S and r C 
C n X U a non-stationary orbit ofV. Suppose r (£_ C™ X S(V). If there are n first 
integrals meromorphic on C™ x (U \ S(V)) of V that are in involution and func- 
tionally independent over an open neighbourhood of T, then the identity component 
of Galois group of the variational equation near r is abelian over the base field of 
meromorphic functions on T \ (C™ X S{V)). 
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Proof One just needs to check that hypotheses of Theorem [T] are satisfied. We 
define W = T D (C™ x 27(V)). These points W are singularities of the vector field 
(J3J). Let us remove these points by posing r' = T \ W. Remark that as the curve 
r is not contained in C" x S(V), r is still a curve (so a non-stationary orbit). We 
now consider an open neighborhood M C C" x U of f' such that M n 27(F) = 0. 
So M is a complex manifold of dimension 2n. We endow this manifold with the 
canonical symplectic structure in p, q, where the derivations in q are defined as in 
equation ([2j. This symplectic structure degenerates on 27(7), but we do not care as 
MnS(I) = 0. Knowing that MDS(V) = 0, we also know that the corresponding 
Hamiltonian 

1 - 

H(p, q, w) = - + V{q, w) 

i=l 

has no singularities on M , and thus is holomorphic. All hypotheses of Theorem [1] 
are satisfied, and so Theorem [2] follows. 

□ 

So it is possible to readily apply Morales-Ramis Theorem for meromorphic 
potentials on a complex algebraic manifold. Remark that the additional hypothesis 
r <£_ C™ x U(V) can be important. For example, the potential 

V(qi,q2,wi) = Wx + q 2 I=<w 1 —qi> (4) 

has a particular orbit given by wi(t) = 0, qi{t) = 0, qzft) = cost. We have = 
{w\ = qx =0,g2 £ C}. This orbit is non stationary, we could compute the 
variational equation, but still Theorem [2] does not apply because it is included in 
27(1). 

Let us now make some precisions about the base field on which we should 
compute the Galois group. In |Morales-Ruiz and R amis(2001a) , it is written that 
the base field is the field of meromorphic functions on r , but in all applications, 
we compute Galois groups over the base field of rational functions. In page 114 
of |Morales-Ruiz and Ramis(2001a)] , they do not ignore this difficulty and remark 
that in case of a Fuchsian variational equation, this will still work because these 
two Galois groups are equal. However, no explicit proof is given, and so let us 
prove the following result. 

Lemma 3 Let 

x = Ax Ae M„(C(t)) (5) 

be a regular singular differential equation (defined in 5.1.2 p HI of \Van der Put and Singer (2003)\ ) 
D C C a discrete set and K the field of meromorphic functions on C\ D. The 
Galois group G\ of equation ([5|) over the base field K is equal to its Galois group 
G2 over the base field C(t). 

Proof We consider the resolvant of equation ([5]) noted x(t). Following Chapter 1.4 
of [Van der Put an d Singer(2003)], we define 

Inv x = {P e K[xx,i,...,x„ 1 n,(det((x) iij= i... n ))~ 1 ], P(t,x(t)) = 0} 

_i ( 6 ) 
Inv2 = {P S C(t)[xx,i, • • • , X n ,n, (det((x) 4J =i...„))- A ], P(t,x(t)) = 0} 

We have then by definition 

Gx = {a e GL„(C),VP G Invx, P(t,ax(t)) = 0)} 
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G 2 = {er G GL„(C),VP G Inv 2 , P{t,ax(t)) = 0} 

We know that Inv2 C Invi and so Gi C (?2- Let P G lnv\ and let us consider 
7 a closed curve in C \ (D U {zi, . . . , %,}) where the singularities of 

equation ([5]), and a the corresponding monodromy element. As the coefficients of 
P are meromorphic and univalued along the curve 7, we find that P(t, ax(t)) = 0. 
Any curve in C \ {z\, . . . , z p } is homotopic to a curve in C \ (D U {z\, . . . , z p }), so 
noting the monodromy group G3, we have G3 C Gi- 

We now use the Schlesinger density Theorem ( |Van der Put and Sin ger(2003) 
Theorem 5.8 p 148). The Galois group G2 is the Zariski closure of the monodromy 
group G3. So we get 

G3 C Gi C G2 G3 = G2 

As G\ is a Zariski closed group, we finally have Gi = G2. 

□ 

Typically, when Theorem [2] is used in applications, a parametrization <fi of 
the curve is chosen, and the variational equation is computed according to this 
parametrization. In most examples, the variational equation obtained is with ra- 
tional coefficients, regular singular, and the base field K for Galois group compu- 
tations is an algebraic extension of meromorphic functions on C \ D where D is 
discrete (and <f){D) corresponds to singular points of ^ on f). Then in this case, 
using Lemma [3l the Galois group of the variational equation over C(i) is a finite 
extension of the Galois group over the base field K, and thus has the same identity 
component. 



3 Application to homogeneous potentials 

Definition 2 Let V be a meromorphic potential on S. We say that V is homoge- 
neous if there exists (di, 0I2) G Z* X Z, (k\, . . . , k s ) G Z s such that 

V(q, w) G iS, a G C*, (a dl q, a kl wi, . . . , a ka w s ) G S, 
V(a dl q, a kl wi, . . . , a ka w s ) = a d2 V(q, w) 

The homogeneity degree of V is then d 2 /d\. 

Theorem 4 ( Compare [Mo rales-Ruiz and Ramis(2001b]\ ) Let V be a homoge- 
neous meromorphic potential on S of homogeneity degree k G Z* and c G S \ 
({0}U S{V)) such that 

d 

— V(c) = n(c)i i = l...n 
aqi 

Suppose that V 2 V(c) (the Hessian matrix according to derivations in q) is diago- 
nalizable. IfV has n meromorphic first integrals on C" X (S \ S{V)) which are in 
involution and functionally independent, then for any A G Sp{V 2 V(c)), the couple 
(k, A) belongs to the table 
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Proof We want to use Theorem [2] As V is homogeneous, there exists (dijtfe) G 
Z* x Z, (fci, . . . , fc p ) G Z s such that 

V(a dl g, . . . , a ks w s ) = a 2 V(q, w) 

We note k = cfe/cii the homogeneity degree of V. We now consider the curve 
r C S given by 

q{t) = 0(i) dl .7r(c), w(t) = (c n+1 <b(t) kl , . . .,c n+s 0{t) ks ), 

P [t) = diMmt)^- 1 .^) \di4?4> 2di - 2 = + 1 

This curve r is an orbit of V. The singular set S(V) is a homogeneous variety 
(because V is homogeneous), and as c ^ S(V), the points of ffl S(V) correspond 
to 4> = 0. 

The variational equation at first order near the curve F is a linear differential 
equation in X G C 2rl+S . At each point (4>,<j>) of r, the vector X belongs to the 
tangent space of C™ x S. Outside the singular points S(V), the projection of 
this tangent space on the p,q variables is C 2n . So we can project the variational 
equation and get a differential equation on C 2n . Noting X7 2 V(c) the n x n Hessian 
matrix in respect to the derivations in q, the projected first order variational 
equation is given by 

X = -(f){t) d2 - 2dl V 2 V{c)X 

We now consider the parametrization of r by cj) d2 and thus making a variable 
change z = <j)(t) d2 in the first order variational equation. After diagonalizing the 
matrix V 2 V(c), we obtain n uncoupled hypergeometric equations in z 

i T\ d2Xi , {3k -2 k-l\dXi Xi . 2 , 

The hypergeometric equation is a Fuchsian equation. The base field on which we 
should compute the Galois group of this equation is the field K of meromorphic 
functions in <j>, <j> for ^ 0, which due to the relation \d\<j) 2 4> 2dl ~ 2 = ~^(f) d2 + 1 
is an algebraic extension of degree 2c?2 of the field of meromorphic functions in 
cf> d2 for 4> d2 ^ (the parametrization we have chosen). Using Lemma [3l the Galois 
group G-2 of the hypergeometric equation over the base field K has finite index (at 
most 2^2) in the Galois group Gi over the base field C(z). 

So if £?2 has an abelian identity component, then it is also the case for G\. The 
Kimura table |Kimura(1969)| gives all the cases where the Galois group Gi of the 
hypergeometric equation has an abelian identity component, and this produces 
the table. 
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Theorem [3] can thus be applied to algebraic potentials, and in particular for 
the n body problem in dimension d > 2 



V 



TfliTfl 



£(<?*, fc -qj,h)' 



k=l 



l<i<j<n ' 

where qi t . corresponds to the coordinates of body number i. The ideal / is prime 
for d > 2 (but not for d = 1!), and the critical set is 



£(V) = {(q,r)eS, 



0} 



We have moreover that the phenomenon of cannot appear. Indeed, all points 
of S(V) are singularities of V (and not only ramification points), so we cannot 
choose a "bad" Darboux point (a Darboux point in S(V)). 

In the articles Maciejewski and Przybylska(20 lT)] , Maciejewski and Przybylska(2 004)] , 
some generalized problems with other homogeneity degrees are analyzed. For the 
generalized 3 body problem in Maciejewski and Przybylska(20lT)] , the authors 
only consider negative degrees, and so we still have that all points of S{V) are sin- 
gularities of V . In [Maciejewski and Przy bylska(2004) , such a problem could ap- 
pear, but they smartly did not use forbidden orbits in their analysis. Thus the non- 
integrability proofs of Morales- Ruiz and Simon (2009)], [Maciejewski and Przybylska(2011)[, 
"Tsygvintsev(2001)| , [Maciejewski(2011)[ , [Maciejewski and Przybylska(2004)[ , [Boucher(2000)[ , 
Combot(20T2)f are confirmed using the regularity class for first integrals "mero- 



morphic on C n x (<S \ £(V))". 
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